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Partial Credit: 
  Show Your Work!  Answers written with no explanation will not 
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1.  a.) Explain clearly the differences between the microcanonical and canonical 

ensembles of statistical mechanics.  Give your answer as a legible, grammatically-correct 

paragraph or two, carefully defining any terms that you use in the paragraph or in any 

equations that you write.  (5 points) 

 b.)  For the microcanonical and canonical ensembles, what is the probability that 

the system will be in a particular quantum state  ?  (5 points) 

 c.)  A closed system has an internal insulating wall that divides the system in half.  

If the wall is removed, what are the possible consequences, in terms of the total entropy 

of the system?  (5 points)  

 d.) Consider two systems, one initially at a higher temperature than the other.  Show 

that energy cannot spontaneously flow from a low-temperature system to a high-

temperature system.  Hint: write  in terms of (∂/∂U)|N,V U, etc.   (10 points) 

 

 
a.)  The microcanonical ensemble applies to a closed system.  Such a system has a fixed 

energy  .  The fundamental assumption of statistical mechanics is that all accessible 

states of such a system are equally likely to be occupied.  Multiplicty is the number of 

states with distinct lists of quantum numbers that have the same energy.  The entropy is 

the logarithm of the multiplicity.  In practice one state, and a small number of similar 

states, is far more likely (has the highest multiplicity) than all the rest.  The macroscopic 

properties of the system are dominated by those states.  Whenever a constraint internal to 

the system is relaxed, the entropy of the system will either stay the same or increase.  The 

temperature of the system is given by the energy derivative of the entropy of the system: 
 

 
          . 

 The canonical ensemble applies to a system that is in thermal equilibrium with a 

far larger reservoir at temperature  .  The system is able to exchange energy with the 

reservoir and explore many possible states with different energy   .  Hence the energy of 

the system is not fixed.  The probability of occupation of that state is not a constant, but 

given by its Boltzmann factor divided by the partition function:            
  

 
   , 

where the partition function is               .   

 

b.)  In the microcanonical ensemble the probability of occupation of any accessible state 

is equal to a constant, which is the reciprocal of the total number of accessible states.  For 

the canonical ensemble the probability of occupation of that state is not a constant, but 

given by its Boltzmann factor divided by the partition function:            
  

 
   , 

where the partition function is               .   

 

c.)  Whenever a constraint internal to the system is released, the entropy of the system 

will either stay the same or go up.  When a constraint is lifted, the system is able to 

explore new states, increasing the multiplicity and therefore the entropy (which is the 

logarithm of the multiplicity). 

 



d.)  Suppose energy    is transferred from the hot system to the cold system.  The 

change of entropy of the entire system is     
   

   
 
  

       
   

   
 
  

    , where 

the first term is the entropy given up from the system 1 (the hot system), and the second 

term is the increase in entropy of system 2 (the cold system).  The pre-factors are in fact 

the temperatures of each system:      
 

  
 

 

  
   .  Since       the term in 

parentheses is positive and the change in entropy is positive.  If the energy flowed from 

the cold object to the warm object, the change in entropy would be negative, violating the 

second law of thermodynamics. 

 

 



2. Consider a system consisting of N constituent particles, each of which can occupy
four spin-3/2 quantum states, with energies: E1 = -~E, E2 = -~E, E3 = +~E, E4 =222
+~E, and multiplicities 1,3,3, and 1, respectively. The system is in thermal equilibrium
with a reservoir at temperature T.

a.) Calculate the partition function ZNofthe N-particle system assuming that the
particles are distinguishable. Hint: the one-particle partition function Z1 can be written
as the cube of a simple function. (10 points)

b.) Calculate the Helmholtz free energy F of the system (5points)
c.) Calculate the entropy (J of the system (5points)
d.) Calculate the energy Uofthe system (5points)
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3. Consider the following descriptions of a thermodynamic system.
a.) The multiplicity of a system with energy U occupying volume V is given by

9(U, V) = a Explftv'UV], where a and {3 are constants. Determine the entropy
as a function of temperature r, volume V, and the constants a and {3. Hint: make
sure you write the entropy in terms of the quantities requested! (5points)

b.) The entropy of a system, consisting of N particles within a volume V having

internal energy U, is given by (J(N, U, V) = Y - 0 N;~2,where y and 0 are
constants. Derive the expression for energy U as a function of temperature r,
volume V, number of particles N, and the constants y and o. (10 points)

c.) The partition function of a system is given by Z = (Exp[{3r3V])N, where {3 is a
constant. Calculate the pressure p, the entropy (J, and the internal energy U of the
system. (10 points)
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4. Consider a system with only two accessible energy levels El and E2 in thermal
equilibrium with a reservoir at temperature T. The lower level (E1) is nondegenerate,
while the upper level (E2) is twofold degenerate.

a.) Determine the probability that the lower level is occupied. (5points)
b.) Find the thermal average energy U = (E) ofthis system. (5points)

f c.) Consider the very high temperature limit T» Ev E2. Find the probability
that the lower level is occupied and the thermal average energy in this limit. (5points)

~,. ~.) Starting with the definition ofthe partition function, derive the general result for
the thermal average energy U = (E),

E I < G >= 't2 ~ log(Z) (10 points)in
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